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Binary singly even self-dual code
extremal problem
(Akihiro MUNEMASA)





$\Omega_{v}$ $v$-element set $k,$ $\lambda$ $\Omega_{v}$ k-element
subset family $B\subset(\begin{array}{l}\Omega_{v}k\end{array})$ $B$ 2 member $\lambda$
$|B|$
binary code weight distribution
$C$ weight $d$ binary Iinear code $u,$ $v$ $C$ weight
$w$ codeword
$| \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(v)|\leq w-\frac{d}{2}$
$u+v$ weight $d$
Codeword support
$C$ weight $w$ codeword
linear programming bound (Del-
sarte [1] $)$ $\text{ }B\subset(\begin{array}{l}\Omega_{v}k\end{array})$ $L\subset\{0,1, \ldots, k-1\}$
$B,$ $B’\in B,$ $B\neq B’\supset|B\cap B’|\in L$
$|B|$




$(0\leq \mathrm{i},j\leq k)$ . (1)$Q_{ij}=( (\begin{array}{l}vj\end{array})-(\begin{array}{ll} vj -1\end{array})) \sum_{r=0}^{J}(-1)^{r}\frac{(\begin{array}{l}ir\end{array})(\begin{array}{l}j\tau\end{array})(_{r}^{v+1-j})}{(\begin{array}{l}kr\end{array})(\begin{array}{l}v-kr\end{array})}$
$v=62,$ $k=7,$ $\lambda=1$ binary $\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{f}arrow \mathrm{d}\mathrm{u}\mathrm{a}\mathrm{l}$
[62, 31, 12] code $v,$ $k,$ $\lambda$
$L=\{0,1\}$




$1+a+$ $(a, b)$ 2 $13a-49b=-385$ ,





$|$ { $(A,$ $B)|A\in(\begin{array}{ll} \Omega_{v}\lambda +1\end{array}),$ $B\in$ $A\subset B$ } $|$
2
$|B|(\begin{array}{ll} k\lambda +1\end{array})\leq(\begin{array}{ll} v\lambda +1\end{array})$
$(v, k, \lambda)=(62,7,1)$ (2)
2 Binary self-dual codes
binary self-dual code
Binary $[n, k]$ code $C$ $k$
$\mathrm{F}_{2}$ 2 code binary $n$ code
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$u=(u_{1}, u_{2}, \ldots, u_{n})$ $j$ $u_{j}=1$
$u$ support $u$ weight support
Code $C$ codeword $C$ minimum weight $C$ nonzero
codeword weight Minimum weight $d$ $[n, k]$ code $[n, k, d]$
code $y$ code $C$ weight enumerator $Wc$ $y$
$W= \sum A_{i}y^{i}$ $A_{i}$ weight $\mathrm{i}$ codeword
Code $C$ dual code $C^{[perp]}$
C\perp ={u\in F $(u,$ $v)=0$ for all $v\in C$}
$(u, v)$ $C$ $C=C^{[perp]}$
self-dual Self-dual code $C$ doubly even codewords
weight $\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ singly even
singly even self-dual code Conway and Sloane
[2] shadow $C$ singly even self-dual code
$C_{0}$ weight $\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ codewords subcode
$C_{0}$ $C$ codimension 1 subcode $C$ shadow $S$
$C_{0}^{[perp]}\backslash C$ $|C|=|S|$ $C_{0}$ cosets $C_{1},$ $C_{2},$ $C_{3}$
$C_{0}^{[perp]}=C_{0}\cup C_{1}\cup C_{2}\cup C_{3}$ $C=C_{0}\cup C_{2}$ and $S=C_{1}$ $C_{3}$
$C$ coset $C_{2}$ $n\equiv 2(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ 3
weight 3
weight mod 4 $\frac{n}{2}$
weight enumerator $C$ self-dual code




$Ws$ $y$ $\mathrm{m}\mathrm{o}\mathrm{d} 4$ $n/2$
$n$ self-dual code $C$ minimum weight $d$
$d\leq\{$
$4[n/24]+4$ $?1_{\lrcorner}\not\equiv 22$ $(\mathrm{m}\mathrm{o}\mathrm{d} 24)$ ,
4 $[n/24]+6$ $n\equiv 22$ $(\mathrm{m}\mathrm{o}\mathrm{d} 24)$ .
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([4, 5]) $\text{ }$ extremal Extremal
self-dual code
$n$ extremal code
$S$ $C$ coset $C$ $S$
2 Hamming $C$ $d$
$B_{r}\leq A(n, d, r)$
$A(n, d, w)$ $n$ , weight $w$ Hamming distance
$d$ binary vector $A(n, d, r)$
$n,$ $d,$ $r$
3 Self-dual [62, 31, 12] codes
self-dual[62,31, i2] code shadow




$W_{S}$ $0\leq\beta\leq 93$ $S$ 2
Hamming $C$ 12 linear programing
bound $\beta\leq 90$
$\beta$ Shadow
2 coset $C_{1},$ $C_{3}$
$C_{1},$ $C_{3}$ minimum distance 12 $C_{1}$ ( $C_{3}$ )
weight 7 2 support 1
support weight 14 $C_{1}$ 2
$C_{0}$ weight 4
$C_{1}$ weight 7 2
support 1 $L=\{0,1\}$
$L=\{1\}$ linear programming bound
$C_{1}$ $C_{3}$ $C_{2}$ weight $\equiv 2$
$(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $C_{2}$ minimum weight 14 $C_{1}$ weight 7
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$C_{3}$ weight 7 disjoint support
$B^{(1)}=\{\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)|u\in C_{1}, \mathrm{w}\mathrm{t}(u)=7\}$ ,
$B^{(3)}=\{\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)|u\in C_{3}, \mathrm{w}\mathrm{t}(u)=7\}$ ,
$B=B^{(1)}\cup B^{(3)}\subset(\begin{array}{l}\Omega_{62}7\end{array})$ ,






$M(v^{(i)}):= \max\{1+a|(1,0,0,0, \mathrm{O}, 0, a, 0)Q_{v}(i)\geq 0, a\geq 0\}$
$Q_{v}\langle i$ ) (1) $v=v^{(i)},$ $k=7$
$\beta\leq M(v^{(1)})+M(v^{(3)})$





1 if $7\leq v\leq 12$ ,
0 if $0\leq v\leq 6$
$\beta\leq 48$ $\beta=48$ $\{v^{(1)}, v^{(3)}\}=\{0,62\}$ ,
{1, 61} $\beta=48$ $B^{(1)}=\emptyset$ $B^{(3)}=\emptyset$
(3) weight enumerator self-dual [62, 31, 12] code $\beta=$
$0,10,15$ $($Dontcheva-Harada $[3])_{\text{ }}$
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4 Self-dual [42, 21, 8] codes
[42, 21, 8] code
$W_{C}=1+(84+8\beta)y^{8}+$ $(1449-24\beta)y^{10}+\cdots$ (4)
$W_{S}=\beta y^{5}+(896-8\beta)y^{9}+\cdots$ (5)
shadow weight 5 vector $B^{(1)},$ $B^{(3\rangle}$ 2
1 support parI
vector ? disjoint support
42 $|B^{(1)}|=|B^{(3)}|=21$
$B^{(1)}\cong B^{(3\}}\cong PG(2,4)$ $C_{0}$
weight 8 420






HahnPolynomial: $=\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}(\mathrm{v},\mathrm{k}, 1 ,\mathrm{x})$
return (Binomial $(\mathrm{v},$ $1)-\mathrm{B}\mathrm{i}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}\mathrm{l}(\mathrm{v},$ $1-1)$ ) $*$
$\ +[$ $(-1)^{\wedge}\mathrm{i}*\mathrm{B}\mathrm{i}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}\mathrm{l}(1, \mathrm{i})*\mathrm{B}\mathrm{i}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}\mathrm{l}(\mathrm{v}+1-1, \mathrm{i})*$
Binomial $(\mathrm{k}, \mathrm{i})$ ” (-l)*Binomial $(\mathrm{v}-\mathrm{k}, \mathrm{i})$
” (-1)*
Binomial $(\mathrm{x}, \mathrm{i})$ : $\mathrm{i}$ in [0. . 1] $]$ ;
end function;
Qmatrix: $=\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}(\mathrm{v},\mathrm{k})$
return Matrix (Rationals $()$ , $\mathrm{k}+1,\mathrm{k}+1$ ,
[ [ HahnPolynomial $(\mathrm{v},\mathrm{k},$ $1,\mathrm{x})$ : 1 in [0. . $\mathrm{k}]$ ]





if $\mathrm{v}$ le 6 then
return 0;
elif $\mathrm{v}$ le 12 then
return 1;




return ${\rm Min}$ $($ $\{$ $1-\mathrm{Q}[1][\mathrm{i}+1]/\mathrm{Q}[7][\mathrm{i}+1]$
: $\mathrm{i}$ in [0. . 7] $|\mathrm{Q}[7][\mathrm{i}+1]1\mathrm{t}0$ $\}$ $)$ ;
end if;
end function;
bounds: $=$ [ Floor (boundM $(\mathrm{v})+\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{M}(62^{-\mathrm{V}})$ )
: $\mathrm{v}$ in {0. . 31} $]$ ;
$\max:={\rm Max}$ (bounds) ;
$\max$ eq 48;
[ $\mathrm{v}$ : $\mathrm{v}$ in [0. . 31] $| \max$ eq bounds $[\mathrm{v}+1]$ ] eq $[0, 1]$ ;
[42, 21, 8] code with $\beta=42$
2 disjoint $PG(2,4)$ code $\mathrm{S}$
(8 shadow ) code $C$ code dual
M21: $=\mathrm{K}\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{x}\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}$ $(\mathrm{G}\mathrm{F}(2) ,21,21)$ ;
$\mathrm{I}\mathrm{n}21:=\mathrm{M}21$ ! IncidenceMatrix (FiniteProj ectivePlane $(\mathrm{G}\mathrm{F}(4))$ ) ;
$\mathrm{S}:=\mathrm{L}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}\mathrm{C}\mathrm{o}\mathrm{d}\mathrm{e}$ (VerticalJoin $($
HorizontalJoin $(\mathrm{M}21 ! 0, \mathrm{I}\mathrm{n}21)9$
HorizontalJoin (In21,M21 ! 0) $)$
$)$ ;
$\mathrm{S}$ duml 420 { weight 8 codeword
$\mathrm{S}$ dual subcode SO 18
DualS: $=\mathrm{D}\mathrm{u}\mathrm{a}\mathrm{l}(\mathrm{S})$ ;
NumberOfWords (DualS, 8) eq 420; // beta$=42$
SO: $=\mathrm{s}\mathrm{u}\mathrm{b}<$ DualS $|$ Words (DualS, 8) $>j$
Dimens $\mathrm{i}$on (SO) eq 18:
$\mathrm{S}0\mathrm{p}:=\mathrm{D}\mathrm{u}\mathrm{a}\mathrm{l}$(SO);
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code $C$ 18 code SO SO dual
24 code SOp $W_{18)}W_{24}$
V42: $=\mathrm{V}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}(\mathrm{G}\mathrm{F}(2),42)$ ;
W18: $=\mathrm{s}\mathrm{u}\mathrm{b}<\mathrm{V}42|\mathrm{S}0>$ ;
W24: $=\mathrm{s}\mathrm{u}\mathrm{b}<$ V42 $|$ SOp $>$ ;
$W_{24}$ $W_{18}$ 20 doubly even code minimum weight 8
( code $W_{18}$ $W_{24}$ 2
)
$\mathrm{W}24\mathrm{b}\mathrm{y}\mathrm{W}\mathrm{l}8\mathrm{d}\mathrm{e}:=$ [ $\mathrm{x}$ : $\mathrm{x}$ in Transversal $(\mathrm{W}24,\mathrm{W}18)$ $|$
( $\mathrm{x}$ ne 0) and (Weight(x) $\mathrm{m}\mathrm{o}\mathrm{d} 4$ eq 0) $]$ ;
$\mathrm{j}$
$:=\mathrm{V}42$ ! [1: $\mathrm{i}$ in El. .42] $]$ ;
$\mathrm{W}20\mathrm{s}:=$ [ LinearCode (sub$<$ W24 $|$ W18, $\mathrm{x},\mathrm{y}>$ ) :
$\mathrm{x}$ in $\mathrm{W}24\mathrm{b}\mathrm{y}\mathrm{W}\mathrm{l}8\mathrm{d}\mathrm{e},$ $\mathrm{y}$ in $\mathrm{W}24\mathrm{b}\mathrm{y}\mathrm{W}\mathrm{l}8\mathrm{d}\mathrm{e}$
$|$ $((\mathrm{x},\mathrm{y})$ eq 0) and Dimension(sub$<$ W24 $|$ W18, $\mathrm{x}_{l}\mathrm{y}>$ ) eq 20
and MinimumWeight (LinearCode ( $\mathrm{s}\mathrm{u}\mathrm{b}<\mathrm{V}42|$ $\mathrm{W}1\mathrm{S},$ $\mathrm{x},\mathrm{y},$ $\mathrm{j}>$)) $\mathrm{e}\mathrm{q}8$ $]$ ;
code
&and{ IsIsomorphic $(\mathrm{W}20\mathrm{s}[1]s\mathrm{W}20\mathrm{s}[\mathrm{i}])$ : $\mathrm{i}$ in [2. . $\#\mathrm{W}20\mathrm{s}]$ };
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